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SUMMARY
In this paper, the so-called added-mass effect is investigated from a different point of view of previous
publications. The monolithic fluid–structure problem is partitioned using a static condensation of the
velocity terms. Following this procedure the classical stabilized projection method for incompressible fluid
flows is introduced. The procedure allows obtaining a new pressure segregated scheme for fluid–structure
interaction problems, which has good convergent characteristics even for biomechanical application, where
the added-mass effect is strong. The procedure reveals its power when it is shown that the same projection
technique must be implemented in staggered FSI methods. Copyright q 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Fluid–structure interaction problems involving an incompressible viscous flow and elastic non-
linear structure have been solved in the past using different methods: Partitioned (or stag-
gered) [1–4] approaches are probably the most popular solution techniques for the simulation of
coupled problems as they allow using specifically designed codes on the different domains and
offer significant benefits in terms of efficiency: smaller and better conditioned subsystems are
solved instead of a single problem. Loosely (or weakly) [5] and strongly coupled [6–12] schemes
are distinguished in the partitioned case: loosely coupling schemes require only one solution of
either field per time step in a sequentially staggered manner and are thus particularly appealing
in terms of efficiency. Strongly coupled schemes give, after an iterative process, the same results
as non-partitioned (also named monolithic) algorithms. Both, the strongly coupled as well as the
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monolithic scheme, lead to expensive simulations since, at each time step, a sub-iteration algo-
rithm including the fluid and the structure domains has to be performed in the partitioned strongly
coupled scheme. Alternatively, fully coupled systems including the equations for the fluid and the
structure must be solved for the monolithic procedure.
There is a key difference between the strongly coupled scheme and the monolithic scheme: the
iterative process in the strongly coupled scheme may be difficult (even non-convergent) when the
so-called ‘added-mass effect’ is important [13, 14]. Indeed, in such situation, a monolithic scheme
seems to be necessary to avoid numerical instabilities. In fluid mechanics, added mass or virtual
mass is the inertia added to a system because an accelerating or decelerating body must move
some volume of surrounding fluid as it moves through it, since the object and fluid cannot occupy
the same physical space simultaneously.
However, the name ‘added-mass effect’ has been used in the literature to indicate the numerical
instabilities that typically occur in the internal flow of an incompressible fluid whose density is
close to the structure density. We will use the same terminology to be consistent with previous
papers, but as will be shown later, the instabilities are not necessarily caused by a fluid density
close to the structure density. There are other reasons, as the elasticity coefficients and time step
size that must be taken into account to avoid unstable solutions. The added-mass effect does not
occur in aero elasticity problems, but it becomes very important in biomechanics applications
where the materials are normally muscles and arteries and the fluid is blood.
Weakly coupled schemes are also affected by the added-mass effect: they become unstable when
this effect is significant.
There is a third situation for which the added-mass effect produces complications. It concerns
the monolithic solution of the fluid–structure interaction problem when the pressure is segregated
from the displacement or the velocity field. In this case, even if we are solving together in a
coupled way the fluid and the solid equations, the iterative scheme to obtain the pressure may be
difficult and even non-convergent.
In summary, the added-mass effect produces the following numerical difficulties (see Figure 1):
1. Instabilities in the loosely coupled scheme.
2. Non-convergent iterative solutions in the strongly coupled scheme.
3. Non-convergent iterative solutions in the monolithic scheme with pressure segregation.
FSI problems 
Partitioned Monolithic 
Loosely 
Coupled 
Strongly 
Coupled
Full 
System 
Added-mass effect 
Pressure 
segregation 
Instabilities Non-convergent Ill-conditioned Non-convergent 
Figure 1. Summary of the numerical troubles induced by the added-mass effect when solving FSI problems.
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Such monolithic schemes with pressure segregation are first addressed in [15]. A further devel-
opment of the idea is presented in [14]. Exploiting the unified formulation some mathematical
explanation for the so-called added-mass effect was presented in [13]. The role played by the
stabilization in the field was highlighted in a very clear way in [16]. An alternative coupling
paradigm based on the so-called Robin–Robin condition is presented in [17], while a different
formulation based on the use of a modified projection at the interface is presented in [12].
The main idea of this article is totally different than the previously reported references. First,
we put in evidence that the numerical instabilities that appear with the added-mass effect is a
consequence of the pressure segregation (case 3 in the previous list) and that a correct understanding
of the pressure segregation effect yields different solutions to the added-mass problem, which may
be successfully applied to cases 1 and 2. Starting from the monolithical approach the ‘exact’ way
to segregate the pressure (in fact, it is only exact for the linear case) is described. This exact way
is represented by a tangent matrix that, for the linear case, gives the result in only one iteration.
An approximation to this tangent matrix is then proposed. Several other approximations may also
be thought with the same idea, but the one proposed here shows excellent convergence rates for
strong added-mass effect problems. The achieved formulation is independent of the time integration
scheme and may be applied to fully implicit, semi implicit or explicit time integrations.
In the following section we will study the numerical solution of the monolithic scheme with
pressure segregation. At this point we can ask ourselves why we are trying to segregate the pressure
from the rest of the unknowns. The answer is:
(1) Because to solve the pressure together with the rest of the unknowns (typically velocities
and/or displacements) is too expensive from the computational point of view: the non-linear
system to be solved is large and ill-conditioned with always non-defined positive matrices.
(2) Because partitioned schemes can be classified as pressure segregated solutions. Effectively,
when the structural domain is solved, the pressure of the previous iteration is used. Then,
if a procedure is unstable using a monolithic algorithm with pressure segregation, it will be
also unstable with a partitioned method.
The segregation of the pressure can be conveniently performed using a Chorin–Temam projection
scheme [18–20]. This splitting procedure works conveniently for incompressible flows. Never-
theless, we will introduce pressure segregation via a simple static condensation procedure. This
static condensation will explain the Chorin–Teman projection as a particular case and will allow
generalizing the Chorin–Temam scheme for fluid–structure interaction problems.
2. THE DISCRETIZED EQUATIONS TO BE SOLVED IN AN FSI PROBLEM
The equations to be solved for both the incompressible fluid and the elastic solid domains are the
momentum equations:
ai = DViDt =
i j
x j
+ fi (1)
where i j is the Cauchy stress tensor,  the density, ai the acceleration vector equal to the total
derivative of the velocity Vi and fi a body force vector.
Copyright q 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 80:1261–1294
DOI: 10.1002/nme
1264 S. R. IDELSOHN ET AL.
In the incompressible part of the domain, mass conservation equation must be enforced:
V = Vixi =0 (2)
The boundary conditions for both domains are:
ni =ni in  and Ui =Ui in U (3)
On the fluid domain, it is sometimes useful to use a moving framework different than the particle
displacement. In this case, the acceleration vector may be written as a function of the framework
velocity VM j as
DVi
Dt
= DF Vi
Dt
+(Vj −VM j )Vix j (4)
where DF Vi/Dt represents the framework acceleration.
Apart from the incompressible condition the only difference between the fluid and the solid are
the constitutive equations. Classical Newtonian constitutive equations for the fluid are expressed
as a function of the rate of deformations and the pressure:
i j =2d ′i j − pi j (5)
with
d ′i j =
1
2
(
Vi
x j
+ Vj
xi
)
− 1
3
Vl
xl
i j
 is the viscosity parameter and p the pressure.
On the other hand, the constitutive equations for an elastic solid are written as the function of
the strain:
i j =Ckli j kl with i j =
1
2
(
Ui
x j
+ U j
xi
+ Ui
x j
U j
xi
)
(6)
Nevertheless, once the time integration scheme has been chosen, both constitutive equations may
be written as a function of the displacement rates or the velocities rates (adding always the pressure
in the incompressible part).
Assuming for simplicity that an implicit Euler time integration has been chosen, then
U n+1i =t (V n+1i +(1−)V ni ) (7)
where the upper index indicates the time position, t is the time step and  is an integration
parameter between 0 and 1. To simplify the notation, in the following the upper index n+1 will
be omitted.
For instance for a hypo elastic solid, the constitutive equation becomes:
i j = ˆni j +
2tG
J
d ′i j +
t
J
(
+ 2G
3
)
V i j (8)
where  and G are the Lame´ parameters, J the Jacobian matrix and ˆni j the initial stress tensor.
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In the following and without loss of generality, we will consider that the constitutive equations
for the solid and the fluid domains are expressed as a function of the velocity field (plus the
pressure in the incompressible region). The same results and conclusions may be obtained using
the displacement field as the main unknown.
Finally, in spite that the momentum equations for both domains, the solid and the fluid, are
geometrically non-linear, we will consider, for simplicity in the theoretical aspect of this develop-
ment, only the linear term, assuming that the matrices obtained are an approximation to the exact
non-linear ones.
The weighted residual form of the momentum and mass conservation equations are:
∫
V
Wl
(

DVi
Dt
− i j
x j
− fi
)
dV +
∫

Wl(ni −ni )d= 0 (9)
∫
V
Wp(−V )dV = 0 (10)
and the weak form is:∫
V
[
Wl
(

DVi
Dt
)
+ Wl
x j
i j −Wl fi
]
dV −
∫

Wlni d = 0
∫
V
Wp(−V )dV = 0
(11)
Replacing the stress tensor from the corresponding constitutive equation and discretizing the
velocity and the pressure fields with standard shape functions:
Vi = NTVi (12)
p = NTpP (13)
and using Galerkin weighting functions:
[W1,W2,W3]=
⎡
⎢⎢⎣
N 0 0
0 N 0
0 0 N
⎤
⎥⎥⎦ , Wp =Np (14)
the global fluid–structure interaction problem may be written in a compact monolithic form as:
⎡
⎢⎣
(
M
t
+K
)
−B
−BT 0
⎤
⎥⎦
[
V
P
]
=
⎡
⎣F+ Mt Vn
0
⎤
⎦ (15)
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where M is the mass matrix that is a function of the fluid density f or the solid density s and
the shape functions:
M=
⎡
⎢⎢⎣
M11 0 0
0 M22 0
0 0 M33
⎤
⎥⎥⎦ (16)
with Mi i =
∫
V NN
T dV .
K is the stiffness matrix function depending on the viscosity  in the fluid part of the Lame´
parameters (Gt) and (t) in the solid part and the derivatives of the shape functions
K=
⎡
⎢⎢⎣
K11 K21 K31
K12 K22 K32
K13 K23 K33
⎤
⎥⎥⎦ (17)
with Ki j =K1i j +K2i j +K3i j . In the fluid part:
K1i i =
∫
V
N
x j

NT
x j
dV (18a)
K2i j =
∫
V
N
x j

NT
xi
dV (18b)
K3i j =
∫
V
N
xi
(
−2
3
)
NT
x j
dV (18c)
and in the solid domain:
K1i i =
∫
V
N
x j
(
tG
J
)
NT
x j
dV (19a)
K2i j =
∫
V
N
x j
(
tG
J
)
NT
xi
dV (19b)
K3i j =
∫
V
N
xi
(
t
J
)
NT
x j
dV (19c)
If the displacements of the moving framework are different than the particle displacements, matrix
K includes the convective terms K4i j :
K4i i =
∫
V
N(Vj −VM j )N
T
x j
dV (20)
Matrix B affects the incompressible part of the domain. This means that B has non-zero terms
only in the degrees of freedom (DOF) related with the fluid including the solid–fluid interfaces.
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The form of matrix B is:
BT =[BT1 ,BT2 ,BT3 ] with BTi =
∫
V
Np
NT
xi
dV (21)
Equation (15) represents the coupled monolithic fluid–structure interaction problem that must be
solved. It is well known that this system of equations must be stabilized for some class of equal
order interpolations (e.g. when Np =N) [21–23].
Independent of the method chosen to stabilize the problem, we will assume that the problem
has been conveniently stabilized by a matrix S (to be defined later on Section 3.3) in such way
that the problem reads: ⎡
⎢⎣
(
M
t
+K
)
−B
−BT S
⎤
⎥⎦
[
V
P
]
=
⎡
⎣F+ Mt Vn
0
⎤
⎦ (22)
The stabilization terms introduce an error in the original system (15). In particular, the incom-
pressibility condition originally discretized by (see Equation (15)):
BTi Vi =0 (23)
Becomes (see Equation (22)):
−BTi Vi +SP=0 (24)
In spite of the fact that stabilization procedure is out of the scope of this work, it is interesting to
note that the matrix S must be singular so that the product SP is equal to zero with P different
from zero. Nevertheless, several stabilization methods presented in the literature are based on
non-singular S matrices, therefore introducing compressibility in the solution that sometimes is
unacceptable.
3. MONOLITHIC SOLUTION OF THE FSI EQUATIONS BY PRESSURE SEGREGATION
Solution of Equation (15) or their analogous stabilized version (22) as a fully coupled system
is sometimes expensive due to ill-conditioning problems. A more convenient way to solve that
system is segregating the pressure from the remaining unknowns (in our examples the velocity
field). Segregation means to separate during the solution process the pressure from the velocity
variables in a staggered way: first the velocities (or the pressure) are evaluated independent of the
pressure (or the velocities) and then the solution for the pressure (or the velocities) is found using
the previous results. Segregation of the pressure has several advantages as:
(1) Decreases the number of DOF to be solved simultaneously.
(2) Avoids ill-conditioned matrices.
(3) Allows using unified formulations for the fluid and solid domains.
(4) It separates the velocity components.
(5) It separates the non-linearity.
(6) Allows us to draw some conclusions to be used in partitioned schemes (for which the
pressure is always segregated from the solid part).
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There are several ways to segregate the pressure from the velocity. The simplest one is to assume
an initial value for the pressure, compute the velocities using this initial value and then evaluate the
pressure iteratively. A more sophisticated scheme to segregate the pressure is the Chorin–Temam
projection scheme [18–20], which will be discussed later.
In order to simplify the discussion, the following change of variable will be introduced: being P0
any arbitrary vector of the same dimension of the pressure, we define the following new unknown:
dP=P−P0 (25)
Note that P0 is not necessarily the initial pressure vector at time t =0. It is any arbitrary vector.
The system of equations to be solved becomes:⎡
⎢⎣
(
M
t
+K
)
−B
−BT S
⎤
⎥⎦
[
V
dP
]
=
⎡
⎣F+ Mt Vn +BP0
−SP0
⎤
⎦ (26)
We emphasize that solving this problem with pressure segregation for any of the methods previously
proposed, as well as using a simple iterative procedure or a projection method leads to stable
solutions when the added-mass effect does not occurs. Nevertheless, in several cases the pressure
segregation will produce non-convergent solutions or inefficient algorithms requiring large number
of iterations.
These inconveniences could be found when
(1) The density of the fluid is similar or lower than the solid density.
(2) The time steps become too small.
(3) The stiffness of the solid is small.
In the following we will propose an algorithm that allows the pressure segregation and eliminates
the above inconveniences.
3.1. Static condensation of the pressure
The more precise way to segregate the pressure from the velocity is via static condensation (it is
exact in case of linear system of equations). Static condensation is a procedure to solve a system
of equations in a partitioned way. It consists of inverting a part of the initial matrix. For instance,
in system (26) we can condensate the pressure by inverting matrix S, or condensate the velocity
by inverting matrix ((M/t)+K). As stated before, matrix S must be singular and then the only
possibility is to condense the velocity field.
From the first row of (26) the velocity field may be obtained as:
V=
(
M
t
+K
)−1(
F+ M
t
Vn +BP0+BP
)
(27)
Inserting this into the second line of Equation (26) gives:
−BT
(
M
t
+K
)−1(
F+ M
t
Vn +BP0+BP
)
+SP=−SP0 (28)
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This means that the static condensation of the velocity allows one to solve the problem in two
steps:
(I) [
−BT
(
M
t
+K
)−1
B+S
]
dP = BT
(
M
t
+K
)−1(
F+M
t
Vn+BP0
)
−SP0 (29)
(II) (
M
t
+K
)
V =
(
F+ M
t
Vn +BP0+BdP
)
(30)
Defining the vector V˜ as
V˜=
(
M
t
+K
)−1(
F+ M
t
Vn +BP0
)
(31)
Static condensation is implemented in the following three steps:
Equations (32)–(34) represent the way to segregate the pressure from the velocity in an exact
way. It is a very expensive procedure from the computational point of view, but if enough resources
are available it is the correct method to apply. On the other hand, Equations (32)–(34) suggest a
procedure to approximate the exact algorithm and to obtain a more efficient way to segregate the
pressure.
It is interesting to note the analogy between Equations (32)–(34) with the classical Chorin–Teman
projection scheme. Effectively, the first Equation (32) is the evaluation of the compressible velocity
V˜. Using P0 =0 the first-order scheme is obtained. Using P0 =Pn second-order approximation may
be developed. Equation (33) is in fact the exact equation corresponding to the Laplace equation
in a projection method and (34) is the exact equation to obtain the incompressible velocity as a
function of the pressure gradients. Then we can say that Chorin–Teman projection method is an
approximation to the exact static condensation of the velocity field. In the following section we
present other approximations more suitable for FSI problems.
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3.2. Approximation to the static condensation
The Chorin–Teman projection method [20] is equivalent to approximate the matrix BT((M/
t)+K)−1B in Equation (33) by the Laplace matrix L:
BT
(
M
t
+K
)−1
B∼= t

L (35)
where:
L=
∫
V
N
x j
NT
x j
dV (36)
This approximation is acceptable for non-viscous or nearly inviscid flows for which matrix K is
negligible versus the mass matrix M/t . The remaining matrix BT(M/t)−1B is approximately
equal to (t/)L (see the definition of B, M and L) for a lumped mass matrix and continuous
pressure shape functions.
A more suitable way to approximate matrix BT((M/t)+K)−1B for cases where matrix K is
not negligible will be proposed next.
Being M=∑Me and K=∑Ke where Me and Ke are the mass and stiffness matrices of an
element ‘e’. Let us introduce the following approximation in Equation (33):
(1) Me ≈eMeD (37)
where MeD is a lumped matrix.
(2) Ke ≈
(
t
J
+ tG
J
)
1
h2
MeD
in the elastic domain and Ke ≈(/h2)MeD in the fluid domain.
If the velocity of the moving framework is different from the particle velocity, the convective
term is added to the fluid lumped stiffness matrix Ke:
(2bis)
Ke ≈
(

h2
+ |V−Vm |
h
)
MeD (38)
In all previous definitions, h represents a characteristic element size (for instance, the average
distance between the element nodes).
Note that previous approximations are also used by other authors in related fields. See, for
example, [24].
It must be noted that using the same idea, different possibilities for the lumped mass and stiffness
matrices may be proposed. In (37), (38) just the diagonal terms of each matrix are chosen, but
other most sophisticated lumped matrices may be used. We emphasize that these lumped matrices
are used exclusively in the pressure Equation (33). In Equations (32) and (34) the fully consistent
matrices are used.
With the previous approximations, the original matrix in Equation (33) becomes:
(
M
t
+K
)−1
=∑(Me
t
+Ke
)−1
≈∑(	e[Me]−1D )=M−1T (39)
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where M−1T is a diagonal matrix obtained from the assembly of the element contributions 	e[Me]−1D
with
	e =
(
s
t
+ t
J h2
+ tG
Jh2
)−1
(40)
in the elastic domain and
	e =
(
 f
t
+ 
h2
+ |V
e −Vem |
h
)−1
(41)
in the incompressible domain.
The first two approximations may be written as:
BT
(
M
t
+K
)−1
B≈BTM−1T B (42)
Finally, a third approximation similar to the classical one introduced in projection methods is
added:
(3)
BTM−1T B≈L	 (43)
where L	=∑(	eLe), being Le the Laplace matrix for the element.
Then, the three steps algorithm reads:
Of course, Equation (45) is an approximation to Equation (33) when BT((M/t)+K)−1B is
replaced by L	. This approximation introduces an error in the evaluation of P. In order to diminish
this error, an iterative procedure may be used to approximate P0 by P. Effectively, now the intro-
duction of the arbitrary variable P0 in Equation (25) becomes justifiable. Hence, once P is evaluated
at the k iteration, then the next iteration is started with P0 =Pk in Equation (44). Note that the error
introduced by the approximation to BT((M/t)+K)−1B becomes negligible when dP →0.
Another way to introduce the previous approximation is by keeping P in the r.h.s. of
Equation (45). The system of equations to be solved is now:(
M
t
+K
)
V˜ =
(
F+ M
t
Vn +BP0
)
V˜ (47)
(−L	+S)P = BTV˜−BT
(
M
t
+K
)−1
BP0 dP (48)(
M
t
+K
)
(V−V˜)= B(P−P0) V (49)
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In order to facilitate the solution of Equation (48), let us introduce the following auxiliary vector T0:
T0 =
(
M
t
+K
)−1
BP0
Then the four steps algorithm reads:
(I)
(
M
t
+K
)
V˜=
(
F+ M
t
Vn +BP0
)
V˜ (50)
(II)
(
M
t
+K
)
T0 =BP0 T0 (51)
(III) (−L	+S)P=BTV˜−BTT0 P (52)
(IV)
(
M
t
+K
)
(V−V˜)=B(P−P0) V (53)
Remark: Equations (50)–(53) are conceptually different from Equations (44)–(46). In fact, in
Equations (44)–(46) the error introduced by the approximation to the static condensation disappears
when dP→0. However, this error does not disappear in Equations (50)–(53), remaining as a non-
zero term even for dP=0. This remaining term introduces an additional stabilization in the pressure
equation that, in certain cases, is enough to obtain stable solutions. However, this additional term
does not always guarantee a stable solution and for this reason Equations (44)–(46) will be used
in the following part of this work.
It is also interesting to note the similitude of Equations (50)–(53) to the classical projection
methods (see for instance Codina [20]). Vector T0 represents the projection of the pressure gradients
in the velocity field (see Equation (51)). In our approach, this method has been obtained in a more
natural way as a consequence of static condensation. Equations (50)–(53) represent a generalization
of the Chorin–Teman projection method to problems for which the K matrix is not negligible
versus the M/t matrix.
3.3. Definition of the stabilizing matrix
As stated before, Equation (45) must be stabilized for equal order elements in order to overcome
the BBL condition. Matrix S represents this stabilizing matrix in Equation (45).
The error introduced in approximating BT((M/t)+K)−1B by L	 introduces a stabilization
during the iterative process while dP =0. Nevertheless, in order to have a more general stabilization
algorithm independently of the iterative process, a standard projection method will be used to
stabilize the pressure equation.
Projection methods are based on the difference between the pressure gradients (which are non-
continuous between elements) and a continuous function of the pressure gradients (the projection
of the pressure gradients in the continuous velocity space).
Let us define the pressure gradient projections Pi =	0(p/xi ) where 	0 is a parameter that
will be defined later on. A simple Galerkin weighting approximation gives:
∫
V
N	0
NTp
xi
dV P=
∫
V
NPi dV =
∫
V
NNT dVP (54)
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or ∫
V
N
NTp
xi
dV P =
∫
V
N
1
	0
NT dV P
DP = M	0P⇒P=M−1	0 DP
(55)
with
DT =[DT1 ,DT2 ,DT3 ], DTi =
∫
V
N
xi
NTp dV (56)
and
M	0 =
⎡
⎢⎢⎢⎢⎢⎣
∫
V
N
1
	0
NT dV 0 0
0
∫
V
N
1
	0
NT dV 0
0 0
∫
V
N
1
	0
NT dV
⎤
⎥⎥⎥⎥⎥⎦ (57)
The standard stabilization term [21, 22] is defined by the divergence of the difference between the
gradient and the projection gradient pressure:
SP=−
∫
V
Np

xi
(
Pi −	0 pxi
)
dV (58)
Parameter 	0 has been introduced in order to keep the consistence of the dimensions. Taking
into account that SP will be added to the mass conservation equation, a correct value for 	0 is
	0 =t/.
It must be noted that 	0 changes for each element. This means that matrix M−1	0 must be built
element by element using standard assembly process.
In a more general way, taking into account the ‘natural’ definition of 	 for the static condensation
of Equation (41), the following definition of 	e0 is also useful:
	e0 =	e =
(
 f
t
+ 
h2
+ |V
e −Vem |
h
)−1
(59)
Integrating by parts Equation (58):
SP = −
∫
V
Np

xi
(
Pi −	0 pxi
)
dV =
∫
V
Np
xi
(
Pi −	0 pxi
)
dV
−
∮
Np
(
Pi −	0 pxi
)

i d (60)
The boundary terms of Equation (60) are normally neglected [22], remaining:
SP =
∫
V
Np
xi
(
Pi −	0 pxi
)
dV
=
(∫
V
Np
xi
NdVP−
∫
V
Np
xi
	0
NTp
xi
dV P
)
=(DTM−1	0 D−L	0)P (61)
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or simply
S=DTM−1	0 D−L	0 (62)
Note that D is different from B and also from BT.
Introducing matrix S into Equations (44)–(46) reads:
(I)
(
M
t
+K
)
V˜=
(
F+ M
t
Vn +BP0
)
(63)
(II) (−L	+DTM−1	0 D−L	0)P =BTV˜−L	P0 (64)
(III)
(
M
t
+K
)
(V−V˜)=BP (65)
The stabilization terms (DTM−1	0 D−L	0)P may be solved explicitly for the term (DTM−1	0 D)P
using the previous iteration of the pressure vector Pk−1. In other words:
(DTM−1	0 D−L	0)P≈DTM−1	0 DPk−1−L	0P (66)
The four steps stabilized algorithm remains:
Equations (67)–(70) may be solved implicitly, which requires the solution of four systems of
equations: two with the same matrix (M/t)+K (which may be triangularized once), one with
matrix M	0 and the fourth equation is a Laplace system for the pressure involving matrix L	+L	0 .
Equation (68) is normally solved explicitly with a lumped form of matrix M	0 .
Several strategies may be used to solve Equations (67)–(70) as a non-linear problem. One is
to take P0 =Pk−1 in Equation (67). In this case, the method is called predictor–corrector and the
results converge to the monolithic solution. Other possibility is to take Pk−1 =P0 in Equation (68).
In this case, the static condensation error introduced in Equation (43) does not disappear, introducing
an additional stabilization term. The convergence is fast but the result is not equal to the monolithic
one.
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Considering the K matrix negligible in front of M/t (which is always true for small time
steps) Equation (70) may be also solved explicitly with a lumped mass matrix MD .
It must be noted that in both cases, Equation (69) as well as Equation (73) have a Laplace form.
Then in order to be solved, essential boundary conditions must be introduced in the pressure term
in order to avoid the singularity of the Laplace matrix. The standard approach is to impose the
pressure on the free-surface boundaries or to impose an arbitrary pressure value in one node in
the case of closed domains.
Observing Equations (69) and (73) two different parameters multiply the Laplace matrix L. One
of them is 	0, the stabilization parameter. The other one is 	. This one is not a stabilization parameter.
It is a parameter that comes from the static condensation of Equation (43). This parameter is
multiplying a Laplace matrix by dP. This means that when the convergence is achieved the 	 value
does not affect the results. This is not the case for 	0, which is multiplying the difference between
the pressure gradient and its projection. This difference is not necessarily zero after convergence,
which means that 	0 stabilizes the final results.
Nevertheless, the terms introduced while L	dP is different than zero are important to achieve
convergence in FSI problems with added-mass effects. Although both parameters are equal (	=	0)
they are expressed separately in the Laplace equation in order to explain the different meaning of
each of them.
4. EVALUATION OF THE LAPLACE MATRIX L(	) FOR FSI PROBLEMS
When solving an incompressible fluid–elastic solid interaction problem, the incompressible condi-
tion (2) is only applied to the fluid domains. This means that the discretized form BTi Vi =0 only
affects some DOF.
Let us call n P the total DOF corresponding to the pressure, nV the total DOF corresponding to
the velocity, ns the velocity DOF corresponding to the solid exclusively (without the interfaces), nf
the velocity DOF corresponding exclusively to the fluid (without the interfaces), and nsf the velocity
DOF of the interfaces solid–fluid. For simplicity, we will consider only conforming meshes, this
means that the interface between the fluid and the solid has exactly the same number of nodes.
Then matrix BT is a matrix of n P files and nV columns, but all the columns corresponding to
the ns solid DOF are zero. Matrix BT has non-zero columns in the DOF corresponding to the fluid
domain and the interfaces.
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On the other hand, matrix M−1T is a diagonal matrix, with terms:
M−1T =
[(
f
t
+ 
h2
+ |V
n+1−Vm |
h
)
MD
]−1
(75)
in the nf DOF
M−1T =
[(
s
t
+ Gt
Jh2
+ t
J h2
)
MD
]−1
(76)
in the ns DOF and
M−1T =
[(
f
t
+ 
h2
+ |V
n+1−Vm |
h
+ s
t
+ Gt
Jh2
+ t
J h2
)
MD
]−1
(77)
in the nsf DOF.
Performing the double product BTM−1T B, all the terms corresponding to the ns DOF are zero.
Matrix L	 may be written as:
L	=BTM−1T B≈L	f +L	s (78)
Where L	f is the standard Laplace matrix corresponding to the fluid domains including the interfaces
(see Equations (35), (36) and (43)):
L	f =
∑
(	ef L
e) (79)
defined only on the fluid domain and L	s is a Laplace matrix corresponding only to the fluid–solid
interface
L	s =
∑
(	sL
e
) (80)
where
Le =
[∫
V
Nsf
x j
NTsf
x j
dV
]
s
(81)
is the Laplace matrix of the solid elements evaluated only with the shape functions Nsf that are
different from zero on the fluid–solid interface.
Equation (78) may be also written as:
L	=L	f +L	f (82)
with
= 	s
	f
=
f
t
+ 
h2
+ |V
n+1−Vm |
h
s
t
+ Gt
J h2
+ t
Jh2
(83)
and
L	f =
∑
(	fL
e
) (84)
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This means that the Laplace interface matrix L	f may be neglected for small values of the 
parameter. This is, for instance, the case when s 	f and the added-mass effect is not present.
However, for other physical properties, the  parameter may not be negligible and the Laplace
interface matrix must be evaluated in order to obtain good results.
For instance, for non-viscous flows (≈0), a Lagrangian formulation (V≈Vm) and small
displacements (J ≈1), the  parameter is:
= f(
s+
(G+)t2
h2
) (85)
This means that →0 for large values of (G+)t2h2 , that is for the large t , the large shear stiffness
G and  and for small mesh size h. However,  is not negligible for f/s ≈1 or if we are using
small time steps or the solid material is very soft.
In the examples we will show that the L	f matrix improves the convergence in the following
cases:
(1) fs (classical added-mass effect).
(2) Small t (this means that instabilities do not disappear by decreasing the time step).
(3) Soft materials (i.e. bio-medical materials).
Equation (83) shows that the evaluation of  is rather more complicated than a simple ratio
between the fluid and the solid densities. In general,  has small values, but its inclusion improves
considerable the convergence rate in all cases. Also in the cases where the added-mass effect is
strong its inclusion is crucial to achieve convergence.
5. THE PARTITIONED (OR STAGGERED) SCHEME
Partitioned schemes are based on dividing the original FSI problem into two parts: the solid one
and the fluid one. The division is performed independently of using or not sub-iterations in a
strongly coupled partitioned scheme or in a loosely coupled one. The idea is exactly the same as
for the pressure segregation described above for which the system was split in the velocity and
pressure unknowns. Now the same system of equations is divided into the solid unknowns (for
instance the velocity or the displacements) and the fluid unknowns (normally the velocity and the
pressure). Both systems are solved separately. Some recent work in this topic may be found in
[12, 15, 25].
Let us call Vs the vector containing the solid unknowns, Vf and P the vectors containing the
fluid unknowns, not including the common solid–fluid unknowns, and Vsf the vector including the
common solid–fluid unknowns.
The transfer of information occurs on the boundary SF by using techniques that guarantee
momentum and energy conservation [2]. For staggered algorithms the use of non-matching meshes
is a common practice since both systems, fluid and structure, are completely decoupled. In this
work only conformal (matching) meshes will be analysed. However, we consider that the main
result concerning the convergence properties of the interface Laplace matrix is also valid for
non-matching meshes.
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The classical boundary conditions at the interface are:
(Vf−Vs)T = 0 on f−s (86)
rf+ts = 0 on f−s (87)
where Equation (86) represents the consistency condition. Since the interface is modelled using
a fully Lagrangian frame of reference, this condition guarantees that the fluid and solid meshes
will remain tightly coupled along the FSI interface. Equation (87) represents the equilibrium of
stresses along the interfaces.
The original FSI equation (15) may be then written as:⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(
M
t
+K
)
s
(
M
t
+K
)
sf
0 0
(
M
t
+K
)T
sf
(
M
t
+K
)
ssff
(
M
t
+K
)
fs
−Bsf
0
(
M
t
+K
)T
fs
(
M
t
+K
)
f
−Bf
0 −BTsf −BTf 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
Vs
Vsf
Vf
P
⎤
⎥⎥⎥⎥⎦=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(
F+ M
t
Vn
)
s(
F+ M
t
Vn
)
sf(
F+ M
t
Vn
)
f
0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(88)
In the monolithic method with pressure segregation previously described, Equation (88) was
partitioned into two parts: the three first rows and columns and in the fourth row and column. In
classical staggered methods, Equation (88) is partitioned also into two parts the first two rows and
columns and the third and fourth rows and columns.
For each sub-iteration, the static condensation of the terms
BTsf
(
M
t
+K
)−1
ssff
Bsf (89)
must be taken into account when the added-mass effect is strong. Remember from Section 3 that
this term is placed on the left-hand side of the pressure equation (Equation (45)). In the partitioned
scheme the classical Neumann boundary conditions are imposed on f−s and thus Equation (89)
is still of great importance.
Using the same conclusion reached in Section 4, an interface Laplace matrix L	f must be added
when solving the incompressible part of the domain. Since the meshes on the interface may be
non-matching special care has to be taken when Equations (75)–(77) are evaluated. In the general
case Equation (77) takes the form:
M−1T =
[(
f
t
+ 
h2
+ |V
n+1−Vm |
h
)
MDf+
(
s
t
+ Gt
J h2
+ t
Jh2
)
MDs
]−1
(90)
In conclusion matrix L	f must be added to the fluid equation independently of the method used
to solve the incompressibility condition. This means that independently of using or not pressure
segregation, the fluid solution must include the interface Laplace matrix. This is because, when
using a partitioned solution, pressure segregation is implicitly included in the procedure as explained
in Equation (88).
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Partitioned algorithms are in fact more complicated to approximate with a Laplace matrix than
monolithic ones using pressure segregation due to the fact that there are other connecting matrices
in addition to Bsf. For example, the matrix corresponding to the velocity inside the fluid and the
interfaces after static condensation, this matrix yields the terms:(
M
t
+K
)T
sf
(
M
t
+K
)−1
ssff
(
M
t
+K
)
sf
(91)
Fortunately, these matrices are negligible in front of the pressure forces on the interfaces and
therefore are normally neglected.
To satisfy the boundary conditions (86), (87) and therefore guarantee energy conservation through
the interface, the staggered approach uses sub-iterations where P,Vf,Vs are updated at each sub-
step. This procedure is essential when added-mass effects are present providing a stronger coupling
between the fluid and the solid variables. For the case of aero-elasticity, an explicit coupling via a
single sub-step may provide enough stability. Splitting Equation (88) for the staggered approach
results in: (
M
t
+K
)
s
Vs =
(
F(Psf)+
M
t
Vn
)
s
(92)
(
M
t
+K
)
f
Vf−BfP(Vsf) =
(
F+ M
t
Vn
)
f
(93)
BTsfVsf+BTf Vf = 0 (94)
As mentioned above, pressure segregation for the staggered approach implies a one-step solution
for the solid problem and a fractional step method for the fluid variables.
Following a similar procedure to the one described in Section 3, Equations (92)–(94) become:
To simplify the notation the lower index for the matrices has been removed implying that the
matrices for the fluid problem are computed on the fluid domain and similarly for the solid.
In the examples presented in the next section, Equations (95)–(98) are solved with: Pk−1 =P0
in Equation (97) and P0 =Pn in Equation (95) at each time step. Then, steps I and III are
performed only once per time step. Sub-stepping iterations are performed between steps III and IV
(Equations (97) and (98)) and the solid solver. Convergence is achieved when |Vksf−Vk−1sf |p<.
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The iterations performed between the steps II and IV involve a simple fixed-point method. Thus,
no acceleration technique has been used to improve the convergence of the method.
The time integration on the solid will not be considered in the present analysis. For instance,
the Newmark method may be applied in this case. It is important to notice that different t could
be used in the fluid and solid domains. If this is the case the time step has to be synchronized
between both solvers.
Matrix L	f has to be computed in the same way as for the monolithic approach. For non-
matching meshes some considerations have to be taken into account when dealing with the matrices
on the interface elements. These considerations will not be addressed here. A simplified way to
deal with this situation is to evaluate the interface matrix
L	f =	f
∫
V
Nsf
x j
NTsf
x j
dV
which must be computed with the shape functions of the solid and fluid domain using only the
shape functions of the fluid domain:
L	f =	f
[∫
V
Nsf
x j
NTsf
x j
dV
]
fs
≈	f
[∫
V
Nf
x j
NTf
x j
dV
]
f
(99)
This approach is valid when both meshes are sufficiently similar. All the validation examples
approximated with the staggered approach use Equation (99) since the fluid and solid nodes almost
match at the interface to avoid introducing errors from this approximation.
6. NUMERICAL EXAMPLES
6.1. Fluid column interacting with an elastic solid bottom
The first example is a very simple 1D problem for which an analytical result can be easily obtained.
Nevertheless from the numerical point of view it has some convergence problems. The example is
ideal to test different materials and time step sizes in order to check the validity of the algorithm
proposed, in particular the effectiveness of the interface matrix to improve the convergence rate.
The example consists in an incompressible water column over an elastic solid (Figure 2).
Both column walls have the horizontal displacement constrained (plane strain). The upper line
is a free surface and the bottom one has the displacement constrained. Initially, the example had
the following physical properties: s =1500(kg/m3); f =1000(kg/m3); Es =2.3×105(kg/ms2);

=0.4 and f =0. The gravity was fixed to g=−10(m/s2) in the vertical direction and the
geometry was discretized as a 2D problem using a mesh of 4×200 3-node linear triangles with
h =0.025(m).
Note that a Young modulus of order Es =2.3×105(kg/ms2) corresponds to a very soft material,
probably a muscle-like heart material. For instance, for rubber Erubber ∼=7×106(kg/ms2); a human
cartilage Ecartiage ∼=2×107(kg/ms2) and for a human bone Ecartiage ∼=2×109(kg/ms2). For steel
Esteel ∼=2×1011(kg/ms2) and for a very stiff material as sapphire Esapphire ∼=4.2×1011(kg/ms2).
Figure 3(a) shows the vertical displacements in (cm) of any fluid particle as a function of time.
Figure 3(b) shows the same vertical displacements of the entire domain at different time steps.
The perfect vertical line corresponds to the incompressible bar. This very simple result is not easy
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Figure 2. Water column over an elastic beam.
Figure 3. Water column over an elastic beam: (a) vertical displacement versus time at any fluid point and
(b) vertical displacement in the total domain for different time steps.
to obtain. For instance, the fractional-step method (P0 =P0|t=tn in Equation (71)) with exactly the
same time step and the same convergence rate gives the results presented in Figure 4. The lack of
convergence to the monolithic scheme is the reason of these oscillations.
The numerical solution does not converge when the interface Laplace matrix L	f is neglected
(=0). The best way to see the importance of this matrix is to study different situations with
different densities, different Young modulae and different time step sizes.
Table I shows the performance of the algorithm for a stiff material with a Young modulus similar
to steel and different density ratio. We can observe that =0 is acceptable only for density rates
larger than 6. The number of iteration to achieve the same error is equal to 20 in all cases for
 =0 but it is larger than 40 iterations for =0. This means that even in the case of a FSI of steel
and water ((s/f)=7, =0) must be used. Probably only in aero-elasticity applications where
the density rate is larger than 1000 the omission of the interface Laplace matrix is justified.
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Figure 4. Water column over an elastic beam: vertical displacement in the total domain at different time
steps for the Fractional Step Method.
Table I. Iterations to achieve convergence for different density ratio.
s
f
 =0 =0
10 20 iterations 20 iterations
7 20 iterations more than 40 iterations
6 20 iterations more than 40 iterations
5 20 iterations does not converge
3 19 iterations does not converge
1 18 iterations does not converge
Es =2×1011(kg/ms2); 
=0.3 t =10−5(s).
Table II shows the same problem with different stiffness properties for the elastic domain but
with the density rate fixed to one. This means equal density in the elastic solid as in the fluid.
Owing to the oscillatory behaviour of the problem, the time step (t (s)) must be changed in
order to achieve reasonable time integration with a minimum of time steps in each oscillation.
We can observe that only for very high Young modulus the case with =0 converge. There is an
exception for E =2×106 and t =1×10−2. Using =0 the algorithm converges in 33 iterations.
We must say, however, that in order to obtain an acceptable result from the time integration point
of view the correct time step for this case is less than 1×10−2. Nevertheless, the same stiffness
with t =1×10−3 does not converge for =0. This is consistent with the well-known conclusion
that for equal density rates, the added-mass effect is so important in all cases that without the
interface Laplace matrix or any other artifice, the problem does not converge.
However, the most worrisome results are those presented in Table III. They correspond to a
standard steel elastic modulus with a density rate equal to 7. We use first the correct time step
size for this kind of problem and we see that both formulations for =0 and  =0 converge
reasonably well in 21 iterations. Nevertheless, halving the time step, the number of iterations with
=0 duplicates. Decreasing the time step more and more the method with =0 does not converge,
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Table II. Iterations to achieve convergence for different Young modulus.
E(kg/ms2); (t (s))  =0 =0
2×1013; (0.2×10−5) 10 iterations more than 40 iterations
2×1012; (0.5×10−5) 14 iterations does not converge
2×1011; (1×10−5) 18 iterations does not converge
2×108; (1×10−4) 40 iterations does not converge
2×107; (1×10−3) 36 iterations does not converge
2×106; (1×10−3) 40 iterations does not converge
2×106; (1×10−2) 34 iterations 33 iterations
2×105; (1×10−2) 36 iterations does not converge
s/f =1; 
=0.3.
Table III. Iterations to achieve convergence for different time steps.
t (s)  =0 =0
2×10−5 23 iterations 21 iterations
1×10−5 20 iterations more than 40 iterations
0.75×10−5 18 iterations does not converge
0.5×10−5 16 iterations does not converge
0.25×10−5 11 iterations does not converge
s/f =7; Es =2×1011(kg/ms2) 
=0.3.
while the algorithm with the interface Laplace matrix converges with a decreasing number of
iterations as expected.
This example shows that even when classical materials like steel and water are involved, the
use of the interface Laplace matrix is recommended to avoid possible difficulties when the time
step is smaller than necessary.
The problems were tested with both methods: monolithic with pressure segregation and with a
strongly coupled partitioned scheme with similar conclusions in both cases.
6.2. Mesh sensitivity analysis
The objective of this example is to show the influence of the FSI algorithm presented in this work
for different mesh configurations. In particular, we are interested in studying the convergence rate
of the coupled problem for the case of a partitioned approach and the effect of the  parameter
for different mesh sizes.
When solving FSI problems with large deformations using a PFEM-ALE formulation [26, 27],
the mesh moving algorithm will eventually distort the mesh in such a way that the element quality
becomes unacceptable. In some occasions, specially in the presence of rotations, the mesh moving
algorithm cannot deal with the extreme deformations that will finally result in elements inversion
and negative Jacobians. For this reason a robust non-linear FSI solver should provide a way
to circumvent this problem either by allowing local topological mesh changes or some kind of
adaptive mesh refinement strategy. In this section, we will show how sensitive the FSI algorithm
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Figure 5. Problem description and dimensions (cm).
is to mesh changes and whether it affects or not the convergence rate of the underlying numerical
technique, a basic requirement for any coupling algorithm.
The test case chosen was first proposed by Neumann et al. in [4]. The sketch of the problem with
dimensions and boundary conditions is depicted in Figure 5. The problem consists of a channel
with a gradual contraction. Right before the contraction there is a flexible solid flap. The flap
represents a rubber material with Young modulus E =2.3×106 N/m2, density s =1500kg/m3
and Poisson ratio 
=0.45. The fluid is a silicon oil with density f =956kg/m3 and viscosity
=0.145kg/(ms). The fully developed laminar flow has a Reynolds number of Re=100.
The inflow velocity for the problem follows the law:
V (t)=
⎧⎪⎨
⎪⎩
Vmax
2
[
1−cos
(
t
10
)]
if t10
Vmax if t>10
where Vmax =0.06067 (Figure 6).
Four different mesh configurations were tested. Since the test case proposed has no analytical
solution or experimental data, a reference solution with a highly refined mesh was taken as the
exact solution. The mesh grading around the flap varies from 0.001 for the finest reference mesh
to 0.002, 0.004 and 0.008 for the coarser. The meshes are shown in Figure 7. All fluid meshes
match the solid mesh at the interface so that the solid mesh is also refined and the errors incurred
in transferring loads and displacement are avoided.
Only the sensitivity with respect to the mesh size was studied. Thus, the time step size was kept
constant and equal to t =0.05 for all the meshes and the error computations were carried out
at steady state. This means that according to Equation (83) the value of  will only change with
respect to the mesh size. It is worth mentioning for =0 (no interface Laplace matrix is used) the
coupled problem does not converge in the very early stages of the solution (within the first five
time steps).
The variable taken for the analysis was the flap tip deflection in the streamline direction corre-
sponding to the x coordinate at steady state. An L2 norm was used to evaluate the error:
L2 =
√
1
n
∑
i=1,n
|dx −rx |2
where rx is the reference displacement vector for the finer mesh. The steady state was reached at
t =25s and the sum was performed for dx and rx between 25 and 35 s, with n =10/t being the
total number of time steps.
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Figure 6. Fluid velocity.
Figure 7. Different mesh densities used in the convergence analysis. Number of elements from finer to
coarser: 10 1251, 43 838, 16 927, and 4380.
Figure 8 depicts the tip displacement with respect to time, which is in good agreement with the
one shown in [4].
The error evaluated in each mesh is presented in a log–log plot in Figure 9 where the abscissa
is the logarithmic of the error and the ordinate is the logarithmic of the mesh size. The curve
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Figure 8. Tip deflection in the x direction.
Figure 9. Convergence plot for the flexible flap problem.
slope represents the order of convergence. In this case an optimum quadratic convergence is found
matching the individual order of convergence for the fluid and the solid formulation separately.
Figure 10 shows the flow vectors together with the velocity modulus. The first three time steps
correspond to the initial deflection. At time t =10s. The main vortex is detached and the maximum
velocity is reached (see Figure 6). At this point the flap starts retracting until its steady-state
position.
Finally, in Figure 11 we show the plot of the iteration number versus time for the intermediate
mesh of size 0.004. The iteration counts do not vary so much for the different meshes so only this
case is shown. We can see an average value between 7–8 iterations per time step. This compares
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Figure 10. Time steps 2.5, 5, 10, 12.5, 15, 25 s.
Figure 11. Number of iterations.
well with the most optimum algorithm proposed in [4]. The spikes in the iterations correspond to
fluid features like vortex detachment that increase the non-linearity of the problem.
6.3. Flexible flap (3D) in a converging channel
The present example is a 3D version of the test case introduced in the previous section. In Figure 12
the 3D geometry is depicted and Figure 13 shows the surface mesh used in the solution process.
The geometry is extruded in the z direction but the flap is placed in the centre using a fraction
of the width of the channel. In this way the flow is allowed to wrap around the flap. As no
comparison is performed the Young modulus E is modified to allow for larger displacements:
E =1.3×106 N/m2.
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Figure 12. Problem description and dimensions (cm).
Figure 13. Left: the surface meshes for the full domain. Right: close-up of the flexible flap.
In Figure 14 the streamlines of velocity and the flap deflection are presented. Figure 15 shows
the flap at its maximum deflection coloured with the values of Von Misses stresses. In the same
figure the tip displacement is shown for points A and B (see Figure 11).
The large deformation of the flap triggered a re-meshing stage in the solver which was coupled
to an error estimator. In this way each new mesh was enriched with a new element size with the
objective of keeping the error constant throughout the mesh. As it was shown in the previous
section the change in mesh size should not modify the convergence of the algorithm. Since the
surface mesh size between the fluid and the solid structure does not change, the value of  is kept
constant throughout the whole problem. Figure 16 shows different element densities across the
flap. A total of thirteen re-meshing stages were performed.
6.4. Flexible valve in pulsatile flow
The following example models the mechanics of a flexible valve immersed in a pulsatile flow. The
valve opens and closes according to the flow rate in the channel. The objective of this test is to
validate the model for a later application of the FSI algorithm proposed in real heart geometry.
We realize that the heart solid mechanics is an extremely complex problem. The simplifications
made in this test will allow us to evaluate the feasibility of applying the new algorithm to a more
realistic approach. From the FSI point of view the complexity of the problem lays on the fact that
heart tissue and blood flow have similar densities and therefore overcoming the difficulties of the
added-mass effects is an important step for a successful FSI analysis of a real heart valve.
For the present analysis the fluid and solid physical properties resemble the properties of the
real problem. The fluid density is f =1000kg/m3 and although the blood exhibits non-Newtonian
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Figure 14. Streamlines of velocity for time steps 0, 5, 8, 10, 17, and 25 s.
Figure 15. Von Mises stresses at maximum deflection and flap displacement as a function of time for
points A and B indicated in Figure 12.
behaviour it is modelled here as a Newtonian flow with viscosity f =0.01kg/(ms). We used an
elastic solid to model the valve with s =1000kg/m3, E =1.0×106 N/m2 and 
=0.45.
For this example the geometry is shown in Figure 17. Figure 18 shows the surface mesh used in
the computation together with a close-up of the heart valve. The radius of the channel is 0.02 m,
which compares well with the average radius of the aorta of 0.012 m. The average thickness of
the left ventricle is 0.0011 m and the tricuspid valve thickness is 0.0005 m both in the order of
our approximation that is 0.001 m. The normal heart cycle at rest is 0.8 s, which in our case was
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Figure 16. Tetrahedral mesh at different time steps.
Figure 17. Geometry description for the flexible valve problem. Dimensions in meters.
represented by a cycle of approximate 0.4 s. At the peak of the heartbeat the velocity in the Aorta
for a person at rest may reach 0.75 m/s, about seven times larger than the one proposed in our
experiment but close enough for a proof of concept case study.
The pulsatile flow is generated with the function:
v(t)=(0.5(1−cos(t/0.2)))2
exp(2(0.5+(1−sin(t/0.2))))/64.104
The problem was run for four complete cycles where the valve opens and closes once for each
cycle. Owing to the large deformations of the valve several local as well as global re-meshing
steps take place.
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Figure 18. Surface mesh and valve close-up.
Figure 19. Valve deflection for time steps t =0,0.016,0.2,0.22,0.24,0.28.
The results are presented in Figure 19–22. First six different configurations of the valve are
shown in Figure 19. The first frame represents the time of zero displacement and the last frame
the point of maximum deflection.
Figure 20 shows a cut plane where the velocity vectors as well as the velocity modulus were
projected.
In Figure 21 the projection of the pressure on the cut planes is shown. Finally, Figure 22 shows
the total force transferred from the fluid to the value.
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Figure 20. Cut plane showing velocity vectors for time steps t =0,0.016,0.2,0.22,0.24,0.28.
Figure 21. Cut plane with pressure iso-contours for time steps t =0,0.016,0.2,0.22,0.24,0.28.
7. CONCLUSIONS
One of the important key of the formulation presented is that it shows clearly how to segregate the
pressure in the monolithic scheme in order to solve the FSI problems with a staggered algorithm.
Based on the pressure segregation scheme, we have also proposed an interface Laplace matrix
that gives excellent convergence rates for the totality of the examples performed, even in those
examples where the added-mass effect is important.
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Figure 22. Total force transferred from the fluid to the valve as a function of
time for the four complete cycles.
The pressure segregation method proposed for the solution of FSI problems with special emphasis
in added-mass effects has shown an excellent behaviour with promising possibilities in the field
of bio-medical applications.
The method was extended to strongly couple partitioned schemes with the same excellent results.
This allows us to conclude that a correct understanding of the pressure segregation is the key issue
to solve any FSI problem with a partitioned or a coupled scheme.
The correct understanding of the pressure segregation in the monolithic scheme allows us to
perfectly predict the cases where staggered methods will present convergence problems. We can
conclude that the added-mass effect is not only a problem of equal densities in the solid and the
fluid. The non-convergence problem is also present in cases where the solid stiffness is low (soft
materials) independently of the density rate. Moreover, a serious problem of staggered schemes,
that is the divergence when the time step decreases, is also overcome using the new interface
Laplace matrix.
The examples have shown that the partitioned approach preserves the convergence rate of each
separate solver (fluid and solid), namely if both have quadratic approximation in space this rate is
maintained after the coupling.
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